We show that each loopless 2k-regular undirected graph on n vertices has at least ( 2-k ( 2 {) r and at most V (~)" eulerian orientations, and that, for each fixed k, these ground numbers are best possible.
Let for any undirected graph G=(V, E), e(G) denote the number of eulerian orientations of G. Here an eulerian orientation is an orientation of the edges so that in each vertex the indegree is equal to the outdegree. We are interested in upper and lower bounds for e(G) in terms of the degree sequence of G. We show that if G is a Ioopless 2k-regular undirected graph on n vertices, then (l) and moreover that for each fixed k the ground numbers in (1), as functions of k only, cannot be improved. That is, (2) infe(G) 1 llVCGJI = 2-k( 2 k) where the infimum and supremum range over all loopless 2k-regular graphs G, and where V(G) denotes the vertex set of G. It is easy to see that in (2) inf and sup may be replaced by lim inf and lim sup.
There is a direct relation between e ( G) and the matrix permanent function. to see that (3) per A
The upper bound in (1) follows now easily from Bregman's result [l] (Minc's conjecture [7] , cf. [8] ), saying that if A is a square (0, 1)-rnatrix of order m, with row sums r 1 , •.. , rm, then m (4) per A o § II r; !1h. i=l Substitution of (4) in (3) gives (5) _.
( deg (v) ) 1 .
and the upper bound in (1) follows. The graph with two vertices connected by 2k parallel edges shows that we cannot have a lower ground number in this upper bound. Concerning lower bounds, Falikman [4] and Egorychev [2] proved Van der Waerden's conjecture [11] , which can be formulated as: if A is a nonnegative square matrix of order m, with all row and column sums equal to r, then per A~ (;Jm m!. Substitution in (3) gives (6) (G)::?:; (3:
if G is a 2k-regular undirected graph on n vertices. Asymptotically this implies (7) (
In [9] it is conjectured that (8) [3] , and was shown to have the best possible gr01H~!l number as a function of r in [12] and [9] .) Conjecture (8) would imply that (9) ( 1 (2k-1)2k-l)n
if G is 2k-regular. The lower bound for e(G) given in (1) is higher than that in (9). This is not surprising, as generally the permanent function seems to approach its minimum if the matrix tends to have a random structure, whereas the matrix A derived from the incidence matrix of G has several equal rows. Actually we show a slightly more general result on the lower bound for e(G) for not-necessarily regular graphs. It will turn out that the lower bound in (1) also holds for not-loopless 2k-regular graphs. Here, by convention, a loop is counted for 2 in the degree, and it can be oriented in two directions. (Clearly, we may not skip "loopless" at the upper bound, as the graph G consisting of one vertex attached with k loops has e(G)=2k.) Th l Combination of (13) and (14) gives the upper bound in Theorem I. II
( ( 2k) In fact, also if we restrict ourselves to loopless graphs, the ground number in this corollary cannot be increased.
Theorem 2. For each natural number k, let f(2k) be the highest possible number such that each loopless 2k-regu/ar undirected graph on n vertices has at least f(2k)" eulerian orientations. Then f(2k)=2-" ( 2 £' ).
Proof. The inequality f(2k)~2-k (:;;)directly follows from Corollary la. To show the converse inequality, we first show that if G=(V, E) is an undirected graph with all degrees even and c' = {v, w} and e'' = {v, iv} are parallel edges, and if we denote ( l 5) c:' (G): = the number of eulerian orientations of Gin which e' and e" have the same orientation, c:"(G):= the number of eulerian orientations of Gin which e' and e" have opposite orientations, (so c:(G)=e'(G)+e"(G)), then e'(G)~c:"(G). This could be proved using the "Alcxandroff-Fenchel permanent inequality" (used by Falikman and Egorychev to prove the Van der Wacrden conjecture-er. [5] , [6] ), but here we give a direct proof. 
Combination of (!7) and (18) gives e'(G)2r:;"(G).
In order to show f(2k)-=22-k (;), we have to show, for any D >O, the existence of a iDopless 2k-regular graph G = ( V, £) such that
where n=W!.
By Corollary la we know that there exists a 2k-regubr graph G=(V, E) satis(ving ( 19). Choose such G with as few loops as possible. Suppose I' and w are distinct vertices of G having loops. Replace one pai: of loops I'= {v, 11}, / "= {w, w} by two new parallel edges e' = {v, w} and e" = {11, w}, making up the graph G'.
Let e' (G') and e" ( G') be as defined in (15). Then Hence also G' satisfies (19), contradicting our choice of G.
H there is only one vertex v of G with, say p loops, let G' arise from G by duplicating G (where v' denotes the duplicate of vertex v), and replacing the p loops attached to l' and the p loops attached to v' by 2p parallel edges {i', r'}. Then (21) As (19) holds for G, we know that (19) holds for G', with n replaced by 211. As G' is loopless, this proves the theorem. I Finally, two conjectures for simple graphs (i.e., without loops or parallel edges). First we conjecture that the lower bound in (1) has best possible ground number also if we restrict ourselves to simple graphs. Second, that the upper bound in (1) can be improved for simple graphs to: if G is a simple undirected graph with degree sequence 2k 1 , •• ., 2kn, then i=l (K1 denotes the complete undirected graph on t vertices.) A problem we met in constructing a proof similar to that of Bregman's upper bound (cf. [8] ) is that we could not find a suitable formula for e(K1).
